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LOGIC

• A formal language for representing knowledge	


• What makes a language a language?	


• Can compose pieces together: syntax	


• It has a meaning: semantics	


• What makes logic a “formal” language?	


• Simple, unambiguous syntax	


• Simple, unambiguous semantics



The Problem with 
English

I saw a man on the hill with a telescope





Hunt The Wumpus













Hunt The Wumpus
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• n x n grid of rooms	


•Agent starts in [1,1] facing 
left	


•Gold, wumpus in random 
square (not [1,1])	


•Wumpus doesn’t move	


• Pits random (P=0.2)
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•Move fwd, turn left/right	


•Grab gold	


• Shoot arrow (once)	


•Climb out (from [1,1])	


•Costs:	


• -1 per move	


• -10 to shoot
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•Get gold and climb out: 
+1000	


• Fall in pit or get eaten by 
wumpus: -1000
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Partially Observable
Don’t know 

everything about the 
state of the world

Have to explore

Have to represent 
uncertainty in our 

knowledge



Representation
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For each room:!
  Has pit? true or false!
  Has gold? true or false!
  Has wumpus? true or false
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Boolean[][][] env =!
    new Boolean[n][n][3];!
!
final int PIT = 0;!
final int GOLD = 1;!
final int WUMPUS = 2;
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Boolean[][] P =!
    new Boolean[n][n];!
Boolean[][] G =!
    new Boolean[n][n];!
Boolean[][] W =!
    new Boolean[n][n];!
!
// P[i][j] == Boolean.TRUE!
//    if there’s a pit at [i,j]!
// P[i][j] == Boolean.FALSE!
//    if there’s no pit at [i,j]!
// P[i][j] == null!
//    if we don’t know!
// G[i][j] ditto for gold!
// W[i][j] ditto for wumpus
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Position pos = <i, j>
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Boolean[][] At =!
    new Boolean[n][n];!
!
// At[i,j] == Boolean.TRUE!
//   if agent is at location [i,j]!
//   else Boolean.FALSE
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enum Orientation = { N,S,E,W };!
!
Orientation orientation;
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Boolean FacingN, FacingS,!
    FacingE, FacingW;!
!
FacingN == Boolean.TRUE!
    if agent is facing north!
...
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Boolean[][] P =!
    new Boolean[n][n];!
Boolean[][] G =!
    new Boolean[n][n];!
Boolean[][] W =!
    new Boolean[n][n];!
Boolean[][] At =!
    new Boolean[n][n];!
Boolean FacingN, FacingS,!
    FacingE, FacingW;
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• Sensors (percepts):	


• Stench - in or adjacent 
to Wumpus	


• Breeze - adjacent to pit	


•Glitter - in gold square	


• Bump - hit wall	


• Scream - Wumpus 
killed
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boolean[][][] sense =!
    new boolean[n][n][5];!
!
final int STENCH = 0;!
final int BREEZE = 1;!
final int GLITTER = 2;!
final int BUMP = 3;!
final int SCREAM = 4;
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Boolean[][] S =!
    new Boolean[n][n];!
Boolean[][] B =!
    new Boolean[n][n];!
...!
!
// S[i][j] == true!
//    if the agent perceived a!
//                 stench at [i,j]!
// B[i][j] == true!
//    if the agent perceived a!
//                 breeze at [i,j]!
...
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Boolean[][] P =!
    new Boolean[n][n];!
Boolean[][] G =!
    new Boolean[n][n];!
Boolean[][] W =!
    new Boolean[n][n];!
Boolean[][] At =!
    new Boolean[n][n];!
Boolean FacingN, FacingS,!
    FacingE, FacingW;!
Boolean[][] S =!
    new Boolean[n][n];!
Boolean[][] B =!
    new Boolean[n][n];
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P[1][1] = false;!
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At[1][1] = true;!
At[1][2] = false;!
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W[2][1] = false;!
P[2][1] = false;
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B[1][2] = false;!
S[1][2] = true;
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P[3][1] = true;
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Background Knowledge

• General properties (or rules) of the world	


• “In partially observable environments, 
combine general knowledge with current 
percepts to infer hidden aspects of the 
current state prior to selecting actions.”



If you perceive a stench, then there the 
wumpus is in an adjacent square.

If the wumpus is in an adjacent square, 
then you will perceive a stench.



If you perceive a stench, then there the 
wumpus is in an adjacent square.

If the wumpus is in an adjacent square, 
then you will perceive a stench.

if At[i,j] and (W[i-1,j] or W[i+1,j] or W[i,j-1] or W[i,j+1])!
then S[i,j] 

if At[i,j] and S[i,j]!
then (W[i-1,j] or W[i+1,j] or W[i,j-1] or W[i,j+1])

Warning: not a real programming language



Boolean CSP

• Variables describing attributes or features 
of the world	


• Factored representation	


• Domains: Boolean → { true, false}	


• Constraints: Identify possible combinations 
of the boolean variables



If you perceive a stench, then there the 
wumpus is in an adjacent square.

If the wumpus is in an adjacent square, 
then you will perceive a stench.

if (At[i,j] and (W[i-1,j] or W[i+1,j] or W[i,j-1] or W[i,j+1]))!
then S[i,j] 

if (At[i,j] and S[i,j])!
then (W[i-1,j] or W[i+1,j] or W[i,j-1] or W[i,j+1])

Warning: not a real programming language



A Programming 
Language for Knowledge



A Programming 
Language for Knowledge

• Syntax:	


• What counts as a well-formed statement, 
formula, sentence, or program	


• Semantics:	


• What these statements, formulas, 
sentences, or programs mean



Syntax

• X is true	


• X is not true 	


• Both X and Y are true	


• Either X or Y are true	


• If X is true then Y is true	


• X is true if and only if  Y is true



Syntax

• X	


• !X	


• X && Y	


• X || Y	


• If X then Y	


• X iff  Y	


• Parentheses: “(” and “)”



If you perceive a stench, then there the 
wumpus is in an adjacent square.

If the wumpus is in an adjacent square, 
then you will perceive a stench.

if (At[i,j] && (W[i-1,j] || W[i+1,j] || W[i,j-1] || W[i,j+1]))!
then S[i,j] 

if (At[i,j] && S[i,j])!
then (W[i-1,j] || W[i+1,j] || W[i,j-1] || W[i,j+1])



X

true

false



X !X

true false

false true



X Y !X

true false

false true



X Y !X

true true false

false true true

true false

false false



X Y !X X && Y

true true false

false true true

true false

false false



X Y !X X && Y

true true false true

false true true false

true false false

false false false



X Y !X X && Y X || Y

true true false true

false true true false

true false false

false false false



X Y !X X && Y X || Y

true true false true

false true true false true

true false false true

false false false false



X Y !X X && Y X || Y

true true false true true

false true true false true

true false false true

false false false false



X Y !X X && Y X || Y ifXthenY

true true false true true

false true true false true

true false false true

false false false false



X Y !X X && Y X || Y ifXthenY

true true false true true true

false true true false true

true false false true

false false false false



X Y !X X && Y X || Y ifXthenY

true true false true true true

false true true false true

true false false true false

false false false false



X Y !X X && Y X || Y ifXthenY

true true false true true true

false true true false true true

true false false true false

false false false false true



X Y !X X && Y X || Y ifXthenY X iff Y

true true false true true true

false true true false true true

true false false true false

false false false false true



X Y !X X && Y X || Y ifXthenY X iff Y

true true false true true true true

false true true false true true

true false false true false

false false false false true



X Y !X X && Y X || Y ifXthenY X iff Y

true true false true true true true

false true true false true true

true false false true false

false false false false true true



X Y !X X && Y X || Y ifXthenY X iff Y

true true false true true true true

false true true false true true false

true false false true false

false false false false true true



X Y !X X && Y X || Y ifXthenY X iff Y

true true false true true true true

false true true false true true false

true false false true false false

false false false false true true



If you perceive a stench, then there the 
wumpus is in an adjacent square.

If the wumpus is in an adjacent square, 
then you will perceive a stench.

if (At[i,j] && (W[i-1,j] || W[i+1,j] || W[i,j-1] || W[i,j+1]))!
then S[i,j] 

if (At[i,j] && S[i,j])!
then (W[i-1,j] || W[i+1,j] || W[i,j-1] || W[i,j+1])



Semantics

• X	


• !X	


• X && Y	


• X || Y	


• If X then Y	


• X iff  Y	


• Parentheses: “(“ and “)”

X Y !X X && Y X || Y ifXthen
Y

X iff Y

true true false true true true true

false true true false true true false

true false false true false false

false false false false true true



Aristole	

(384BC - 332BC)



George Boole	

(1815-1864)



Propositional Logic



Proposition

• Something that can be true or false	


• “it is raining”	


• “socrates is a man”	


• “there is a wumpus at location 1,3 and I 
perceived a stench at location 1,2”	


• “either there is a pit at 2,2 or there is a 
wumpus at 2,2 and there is a pit at 2,3”



Atomic Proposition

• “it is raining”	


• “socrates is a man”	


• “there is a wumpus at location 1,3”	


• P, Q, R, ...
Boolean variables!



Connectives

• Connect propositions into larger 
propositions that can also be true or false	


• “there is a wumpus at location 1,3 and I 
perceived a stench at location 1,2”	


• “either there is a pit at 2,2 or there is a 
wumpus at 2,2 and there is a pit at 2,3”



Connectives
X P

!X ¬P

X && Y P ∧ Q

X || Y P ∨ Q

If X then Y P ⇒ Q

X iff  Y P ⇔ Q

Parentheses: “(“ and “)”



P Q ¬P P∧Q P∨Q P⇒Q P⇔Q

true true false true true true true

false true true false true true false

true false false true false false

false false false false true true



You perceive a breeze at [1,1] if and only if	

there is a pit at [2,1] or there is a pit at [2,2]



P: You perceive a breeze at [1,1] 	

Q: There is a pit at [1,2]	

R: There is a pit at [2,1]

You perceive a breeze at [1,1] if and only if	

there is a pit at [2,1] or there is a pit at [1,2]



B1,1 : You perceive a breeze at [1,1] 
P1,2 : There is a pit at [1,2]	

P2,1 : There is a pit at [2,1]

You perceive a breeze at [1,1] if and only if	

there is a pit at [2,1] or there is a pit at [1,2]



You perceive a breeze at [1,1] if and only if	

there is a pit at [2,1] or there is a pit at [1,2]

B1,1 ⇔ (P1,2 ∨ P2,1)

B1,1 : You perceive a breeze at [1,1] 
P1,2 : There is a pit at [1,2]	

P2,1 : There is a pit at [2,1]



Truth Table
B P P P B

true true true true true

false true true true false

true false true true true

false false true true false

true true false true true

false true false true false

true false false false false

false false false false true



Propositional Logic 
(So Far)

• Syntax: how to write out legal statements 
in the language	


• Semantics: whether a statement is true or 
false given the truth/falsity of the atomic 
propositions	


• Application: Representing knowledge of the 
wumpus world





Inference

• Compute the consequences of your 
knowledge	


• Make implicit knowledge explicit	


• Given what you’ve represented explicitly, 
compute what else is true (or false)



If you perceive a stench, then there the 
wumpus is in an adjacent square.

If the wumpus is in an adjacent square, 
then you will perceive a stench.

if (At[i,j] and (W[i-1,j] or W[i+1,j] or W[i,j-1] or W[i,j+1]))!
then S[i,j] 

if (At[i,j] and S[i,j])!
then (W[i-1,j] or W[i+1,j] or W[i,j-1] or W[i,j+1])

(Ati,j ^ Si,j) ) (Wi�1,j _Wi+1,j _Wi,j�1 _Wi,j+1)

(Ati,j ^ (Wi�1,j _Wi+1,j _Wi,j�1 _Wi,j+1)) ) Si,j



(At1,1 ⇥ S1,1) � (W2,1 ⇤W1,2)

(At1,2 ⇥ S1,2) � (W1,1 ⇤W2,2 ⇤W1,3)

(At2,1 ⇥ S2,1) � (W1,1 ⇤W2,2 ⇤W3,1)

(At2,2 ⇥ S2,2) � (W1,2 ⇤W2,1 ⇤W2,3 ⇤W3,2)

· · ·

(At1,1 ⇥ (W2,1 ⇤W1,2)) � S1,1

(At1,2 ⇥ (W2,1 ⇤W2,2 ⇤W1,3)) � S1,2

(At2,1 ⇥ (W1,1 ⇤W2,2 ⇤W3,1)) � S2,1

(At2,2 ⇥ (W1,2 ⇤W2,1 ⇤W2,3 ⇤W3,2)) � S2,2

· · ·



At1,1

¬S1,1

S1,1 �⇥ (W2,1 ⇤W1,2)

¬W1,2 ?

¬W2,1 ?



Inference

• Given a set of statements in propositional 
logic (facts and background knowledge)	


• Test whether some other statement is true



Boolean CSP

• Variables describing attributes or features 
of the world	


• Factored representation	


• Domains: Boolean → { true, false}	


• Constraints: Identify possible combinations 
of the boolean variables

• Solution: Complete assignment consistent 
with the constraints



Model (Possible World)

• Assignment of true or false to all the 
propositional variables



Model (Possible World)

• Assignment of true or false to all the 
propositional variables	


• A model satisfies a sentence if it makes the 
sentence true	


• “A model of the sentence”



Satisfaction
B P P P B

true true true true true

false true true true false

true false true true true

false false true true false

true true false true true

false true false true false

true false false false false

false false false false true



Inference

• Given a set of statements in propositional 
logic (facts and background knowledge)	


• Test whether some other statement is true



Entailment

• If α entails β:	


• Whenever α is true, so is β	


• Every model of α is a model of β	


• Models(α) ⊆ Models(β)	


• α is at least as strong an assertion as β	


• Rules out no fewer possible worlds

↵ |= �



Entailment

• If α entails β:	


• Whenever α is true, so is β	


• Every model of α is a model of β	


• Models(α) ⊆ Models(β)	


• α is at least as strong an assertion as β	


• Rules out no fewer possible worlds

↵ |= �



Entailment

• If α entails β:	


• Whenever α is true, so is β	


• Every model of α is a model of β	


• Models(α) ⊆ Models(β)	


• α is at least as strong an assertion as β	


• Rules out no fewer possible worlds

↵ |= �



P Q ... α β
true true ... true true

false true ... false false

true false ... true true

false false ... false false

true true ... false true

false true ... true true

true false ... false false

false false ... false true



P Q ... α β
true true ... true true

false true ... false false

true false ... true true

false false ... false false

true true ... false true

false true ... true true

true false ... false false

false false ... false true



P Q ... α β
true true ... true true

false true ... false false

true false ... true true

false false ... false false

true true ... false true

false true ... true true

true false ... false false

false false ... false true

Model Checking



Inference

• If α entails β	


• Then when you know α is true you also 
know β is true	


• Even though you didn’t write it down 
explicitly!	


• α might be your knowledge, β your question



Entailment

• If α entails β:	


• Whenever α is true, so is β	


• Every model of α is a model of β	


• Models(α) ⊆ Models(β)	


• α is at least as strong an assertion as β	


• Rules out no fewer possible worlds

↵ |= �



P Q ... α β
true true ... true true

false true ... false false

true false ... true true

false false ... false false

true true ... false true

false true ... true true

true false ... false false

false false ... false true



boolean tt_entails(Set<Sentence> kb, Sentence alpha) {!
    List<Symbol> symbols = new List(kb.getSymbols());!
    symbols.append(alpha.getSymbols());!
    return tt_check_all(kb, alpha, symbols, new Model());!
}!
!
boolean tt_check_all(Set<Sentence> kb, Sentence alpha,!
                     List<Symbol> symbols, Model model) {!
    if (symbols.isEmpty()) {!
        if (model.satisfies(kb)) {!
            return model.satisfies(alpha);!
        } else {!
            return true;!
        }!
    } else {!
        Symbol p = symbols.removeFirst();!
        return (tt_check_all(kb, alpha, symbols,!

             model.clone().assign(p, Boolean.TRUE)) &&!
                tt_check_all(kb, alpha, symbols,!
                             model.clone().assign(p, Boolean.FALSE)));!
    }!
}

Computing Entailment



class Model extends Hashtable implements Cloneable {!
    public Model() {!
    }!
    public void assign(Symbol symbol, Boolean value) {!
        return this.put(symbol, value);!
    }!
    public boolean satisfies(Sentence sentences) {!
        ...!
    }!
    public boolean satisfies(Set<Sentence> sentences) {!
        for (Sentence s : sentences) {!
            if (!this.satisfies(s)) {!
                return false;!
            }!
        }!
        return  false;!
    }!
}!



Computing Entailment
boolean tt_entails(Set<Sentence> kb, Sentence alpha) {!
    List<Symbol> symbols = new List(kb.getSymbols());!
    symbols.append(alpha.getSymbols());!
    return tt_check_all(kb, alpha, symbols, new Model());!
}!
!
boolean tt_check_all(Set<Sentence> kb, Sentence alpha,!
                     List<Symbol> symbols, Model model) {!
    if (symbols.isEmpty()) {!
        if (model.satisfies(kb)) {!
            return model.satisfies(alpha);!
        } else {!
            return true;!
        }!
    } else {!
        Symbol p = symbols.removeFirst();!
        return (tt_check_all(kb, alpha, symbols,!

             model.clone().assign(p, Boolean.TRUE)) &&!
                tt_check_all(kb, alpha, symbols,!
                             model.clone().assign(p, Boolean.FALSE)));!
    }!
}



Propositional Logic

• Programming language for knowledge	


• Factored representation of state	


• Propositions, connectives, sentences	


• Model (possible world) = assignment of 
true or false to propositions	


• Entailment:	


• Every model of α is a model of β
↵ |= �



For next time: 
AIMA Section 7.5


INFERENCE 
!

Next Week: Exam 1

Search


